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IDEAL REAL HYPERSURFACES IN THE COMPLEX
PROJECTIVE PLANE
TORU SASAHARA
Abstract. In the 1990s B. Y. Chen introduced a new Riemannian invariant,
now called the δ(2)-invariant. For a real hypersurface in the complex projective
space CPn, he established an inequality relating the δ(2)-invariant and the length
of its mean curvature vector field. A real hypersurface is said to be δ(2)-ideal
if it attains equality in the inequality at each point. Chen completely classified
δ(2)-ideal Hopf real hypersurfacs in CPn. In this paper, we prove that there do
not exist δ(2)-ideal non-Hopf hypersurfaces with two distinct principal curvatures
in CP 2. In addition, we obtain a classification result for δ(2)-ideal non-Hopf
hypersurfaces with three distinct principal curvatures in CP 2.
1. Introduction
Let M be a real hypersurface in the complex projective space CPn of complex
dimension n and constant holomorphic sectional curvature 4. We denote by J the
almost complex structure of CPn. The Reeb vector field onM is defined by ξ = −JN
for a unit normal vector field N . If ξ is a principal curvature vector everywhere,
then M is called a Hopf real hypersurface. Let H be the holomorphic distribution
defined by H =
⋃
p∈M{X ∈ TpM | 〈X, ξ〉 = 0}, where 〈·, ·〉 denotes the metric of
CPn. If H is integrable and each leaf of its maximal integral manifolds is locally
congruent to CPn−1, then M is called a ruled real hypersurface.
A real hypersurface M in CPn is said to be 2-Hopf if the smallest A-invariant
distribution D that contains ξ is integrable and of constant rank 2, where A denotes
the shape operator. Moreover, if the spectrum of A|D is constant along the D-
leaves, then M is called a strongly 2-Hopf real hypersurface. Minimal ruled real
hypersurfaces and non-Hopf real hypersurfaces with two distinct principal curvatures
in CP 2 are strongly 2-Hopf (see [3, Theorem 1.3] and [4, Theorem 4]).
For a Riemannianm-manifoldM , the δ-invariant δ(2) ofM is defined by δ(2)(p) =
τ(p) −min{K(pi) | pi is a plane in TpM}, where K(pi) is the sectional curvature of
pi, and τ is the scalar curvature defined by τ =
∑
i<jK(ei ∧ ej) for an orthonormal
basis e1, . . . , em. (For general δ-invariants, see [2] for details.) A real hypersurface
in CPn satisfies
(1.1) δ(2) ≤
(2n− 1)2(2n − 3)
4(n− 1)
‖H‖2 + 2n2 − 3,
where H denotes the mean curvature vector. A real hypersurface in CPn is said to
be δ(2)-ideal if it attains equality in (1.1) at every point. In [1], Chen completely
classified δ(2)-ideal Hopf real hypersurfacs in CPn. The only known classification
result for δ(2)-ideal non-Hopf real hypersurfaces is given in [6], which shows that a
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2δ(2)-ideal non-Hopf real hypersurface in CP 2 has constant mean curvature if and
only if it is a minimal ruled real hypersurface.
In this paper, we continue to study δ(2)-ideal non-Hopf real hypersurfaces in CP 2.
First, we obtain the following non-existence result.
Theorem 1. There do not exist δ(2)-ideal non-Hopf real hypersurfaces with two
distinct principal curvatures in CP 2.
For a δ(2)-ideal real hypersurface M in CP 2, there exists a canonical distribution
defined by
Ep = {X ∈ TpM : 2AX = 3 〈H,N〉X},
where A denotes the shape operator of M with respect to N (see Theorem 3). If M
has three distinct principal curvatures, then E is a 1-dimensional distribution. In
this case, we have the following.
Theorem 2. Let M be a δ(2)-ideal non-Hopf real hypersurface with three distinct
principal curvatures in CP 2. If the integral curves of E are geodesics in M , then M
is a strongly 2-Hopf real hypersurface satisfying trA = 2trDA, where trD denotes the
trace restricted to D.
Remark. Let M be a real hypersurface in the complex hyperbolic space CHn of
constant holomorphic sectional curvature −4. Then we have
δ(2) ≤
(2n− 1)2(2n − 3)
4(n− 1)
‖H‖2 + 6− 2n2.
The equality sign of the inequality holds identically if and only if M is an open part
of the horosphere in CH2 (see [1]).
2. Preliminaries
Let M be a real hypersurface in CPn. Denote by 〈·, ·〉 the metric of CPn, by ∇
and ∇˜ the Levi-Civita connections on M and CPn, respectively. The Gauss and
Weingarten formulas are respectively given by
∇˜XY = ∇XY + 〈AX,Y 〉N,
∇˜XN = −AX
for tangent vector fields X, Y and a unit normal vector field N , where A is the
shape operator with respect to N . The mean curvature vector field H is defined by
H = (trA/(2n− 1))N. The function trA/(2n− 1) is called the mean curvature. If it
vanishes identically, then M is called a minimal hypersurface.
For any vector field X tangent to M , we denote the tangential component of JX
by φX. Then by the Gauss and Weingarten formulas, we have
(2.1) ∇Xξ = φAX.
We denote by R the Riemannian curvature tensor of M . Then, the equations of
Gauss and Codazzi are respectively given by
R(X,Y )Z = 〈Y,Z〉X − 〈X,Z〉Y + 〈φY,Z〉φX − 〈φX,Z〉φY(2.2)
− 2 〈φX, Y 〉φZ + 〈AY,Z〉AX − 〈AX,Z〉AY,
(∇XA)Y − (∇YA)X = 〈X, ξ〉 φY − 〈Y, ξ〉φX − 2 〈φX, Y 〉 ξ.(2.3)
The following two theorems will play a key role in proving our results.
3Theorem 3 ([1]). Let M be a real hypersurface in CP 2. Then the equality sign
in (1.1) holds at a point p ∈ M if and only if there exists an orthonormal basis
{e1, e2, e3} at p such that
(1) 〈φe1, e2〉 = 0,
(2) the shape operator of M in CP 2 at p is represented by
(2.4) A =

 α β 0β γ 0
0 0 µ

 ,
where α+ γ = µ holds.
Theorem 4 ([4]). Let M a non-Hopf real hypersurface in CP 2 with two distinct
principal curvatures. Then, with respect to some orthonormal frame {ξ, U, φU} of
M , the shape operator is represented by (2.4) and the derivatives of all its components
are zero along directions tangent to span{ξ, U}. Furthermore, they satisfy
(2.5) µ2 − (α+ γ)µ+ (αγ − β2) = 0
and the following system of ordinary differential equations:
dα
ds
= β(α + γ − 3µ),
dβ
ds
= β2 + γ2 + µ(α− 2γ) + 1,
dγ
ds
=
(γ − µ)(γ2 − αγ − 1)
β
+ β(2γ + µ),
(2.6)
where ∂/∂s stands for the derivative with respect to φU .
3. Proof of Theorem 1
Let M be a δ(2)-ideal non-Hopf real hypersurface in CP 2. Let {e1, e2, e3} be a
local orthonormal frame field described in Theorem 3. It follows from (1) of Theorem
3 that ξ lies in span{e1, e2}. Thus, we may assume that e1 = ξ and φe2 = e3. Since
M is non-Hopf, we have β 6= 0.
Assume thatM has two distinct principal curvatures. We apply Theorem 4. Since
α+ γ = µ holds, (2.5) yields α 6= 0 and
(3.1) γ = β2/α.
Substitution of (3.1) into the right-hand side of the system (2.6) implies
dα
ds
= −
2β(α2 + β2)
α
,(3.2)
dβ
ds
=
α4 − β4 + α2
α2
,(3.3)
dγ
ds
=
2β4 + 2α2β2 + α2
αβ
.(3.4)
Substituting (3.1) into the left-hand side of (3.4), and using (3.2) and (3.3), we get
(3.5) α2 − 2β2 = 0.
Differentiating (3.5) with respect to s, using (3.2) and (3.3), we have
(3.6) α2 + 2α4 + α2β2 − β4 = 0.
Elimination of α from (3.5) and (3.6) gives β = 0, which is a contradiction.
44. Proof of Theorem 2
Let M be a δ(2)-ideal non-Hopf real hypersurface in CP 2 with three distinct
principal curvatures. According to Theorem 3, we can choose a local orthonormal
frame field {e1, e2, e3} such that e1 = ξ, φe2 = e3 and the shape operator is given by
Aξ = (µ− γ)ξ + βe2, Ae2 = γe2 + βξ, Ae3 = µe3.(4.1)
We denote by D the distribution spanned by {ξ, e2}. Since M is non-Hopf, that
is, β 6= 0, D is the smallest A-invariant distribution of rank 2 that contains ξ. By
(4.1), we have trA = 2trDA. Since M has three distinct principal curvatures, the
distribution E coincides with Span{e3}. By (2.1) and (4.1), we get
(4.2) ∇e2ξ = γe3, ∇e3ξ = −µe2, ∇ξξ = βe3.
Assume that the integral curves of E are geodesics inM . Then, we have∇e3e3 = 0.
This, together with (4.2), gives
∇e2e2 = χ1e3, ∇e3e2 = µξ, ∇ξe2 = χ2e3,
∇e2e3 = −χ1e2 − γξ, ∇ξe3 = −χ2e2 − βξ.
(4.3)
for some functions χ1 and χ2.
From (4.2), (4.3) and the equation (2.3) of Codazzi, it follows that
e2µ = 0,(4.4)
e3γ = (γ − µ)χ1 + β(γ + 2µ),(4.5)
e3β = −γ
2 + βχ1 − 2γµ + µ
2 + 2,(4.6)
e2β = ξγ,(4.7)
e2γ = −ξβ,(4.8)
βχ1 + (µ − γ)χ2 = β
2 + γ2 − 1,(4.9)
ξµ = 0,(4.10)
e3(µ− γ) = β(χ2 − 2µ − γ).(4.11)
The equation (2.2) of Gauss for 〈R(e2, e3)e3, e2〉 and 〈R(ξ, e2)e3, e2〉 yields
e3χ1 − 2µγ − χ
2
1 − (γ + µ)χ2 − 4 = 0,(4.12)
ξχ1 = e2χ2.(4.13)
Using (4.2), (4.3), (4.4) and (4.10), we have
(4.14) 0 = [e2, ξ]µ = (∇e2ξ −∇ξe2)µ = (γ − χ2)e3µ.
Thus, we obtain that γ = χ2 or e3µ = 0. In any case, we shall prove that M is
stongly 2-Hopf.
Case (a): e3µ = 0. In this case, combining (4.4) and (4.10) implies that µ
is constant, that is, the mean curvature is constant. Hence, by [6, Theorem 1.2],
we deduce that M must be a minimal ruled real hypersurface, which is a strongly
2-Hopf real hypersurface.
Case (b): γ = χ2. In this case, since ∇e2ξ − ∇ξe2 = 0 holds, D is integrable,
and therefore, M is a 2-Hopf hypersurface.
Eliminating e3γ from (4.5) and (4.11), we obtain
(4.15) e3µ = (γ − µ)χ1 + βγ.
5Equations (4.9) and (4.12) become
βχ1 − β
2 − 2γ2 + µγ + 1 = 0,(4.16)
e3χ1 = χ
2
1 + γ
2 + 3γµ + 4,(4.17)
respectively. From (4.8) and (4.13), it follows
(4.18) ξχ1 = −ξβ.
Elimination of χ1 from (4.6) and (4.16) leads to
(4.19) e3β = β
2 + γ2 − 3γµ + µ2 + 1.
The use of (4.2), (4.3), (4.5), (4.7), (4.10), (4.18) and (4.19) yields the following:
e3(ξβ) = (∇e3ξ −∇ξe3)β + ξ(e3β)
= (γ − µ)ξγ + β(ξβ) + ξ(β2 + γ2 − 3γµ+ µ2 + 1),
= 3β(ξβ) + (3γ − 4µ)ξγ,(4.20)
e3(ξγ) = (∇e3ξ −∇ξe3)γ + ξ(e3γ)
= (µ− γ)ξβ + β(ξγ) + ξ[(γ − µ)χ1 + β(γ + 2µ)],
= (4µ − γ)ξβ + (2β + χ1)ξγ.(4.21)
Differentiating (4.16) with respect to ξ, and using (4.10) and (4.18), we obtain
(4.22) (χ1 − 3β)ξβ + (µ − 4γ)ξγ = 0.
Moreover, differentiating (4.22) with respect to e3, we have
(4.23) (e3χ1 − 3e3β)ξβ + (χ1 − 3β)e3(ξβ) + (e3µ− 4e3γ)ξγ + (µ− 4γ)e3(ξγ) = 0.
Substitution of (4.5), (4.17), (4.15), (4.19), (4.20) and (4.21) into (4.23) gives
(4.24) (χ21 − 12β
2 + 2γ2 + µ2 − 5µγ + 3βχ1 + 1)ξβ + (6βµ− 20βγ − 4γχ1)ξγ = 0.
Equations (4.22) and (4.24) could be rewritten as
(4.25)
(
a11 a12
a21 a22
)(
ξβ
ξγ
)
=
(
0
0
)
,
where the components of the square matrix are given by
a11 = χ1 − 3β,
a12 = µ− 4γ,
a21 = χ
2
1 − 12β
2 + 2γ2 + µ2 − 5µγ + 3βχ1 + 1,
a22 = 6βµ − 20βγ − 4γχ1
We divide Case (b) into two subcases.
Case (b.1): a11a22 − a21a12 6= 0. In this case, by (4.25), we have ξβ = ξγ = 0.
It follows from (4.7) and (4.8) that e2β = e2γ = 0. This, together with (4.4) and
(4.10), implies that M is a strongly 2-Hopf hypersurface.
Case (b.2): a11a22− a21a12 = 0. In this case, eliminating χ1 from this condition
and (4.16) yields
(4.26) p1(γ, µ)β
4 + p2(γ, µ)β
2 + p3(γ, µ) = 0,
6where pi are polynomials in γ and µ, which are given by
p1 = 4(4γ − µ),
p2 = 16γ
3 − 24γ2µ+ 8γµ2 − µ3 − 2µ,
p3 = −µ(2γ
2 − γµ− 1)2.
We substitute (4.5), (4.15) and (4.19) into the equation obtained by differentiating
(4.26) with respect to e3. Moreover, using (4.16) to eliminate χ1, we get
(4.27) q1(γ, µ)β
6 + q2(γ, µ)β
4 + q3(γ, µ)β
2 + q4(γ, µ) = 0,
where pi are polynomials in γ and µ, which are given by
q1 =4(22γ + µ),
q2 =168γ
3 − 284γ2µ+ 86γµ2 + 48γ − 7µ3 − 6µ,
q3 =72γ
5 − 292γ4µ+ 316γ3µ2 + 12γ3 − 134γ2µ3
+ 14γ2µ+ 25γµ4 − 3γµ2 − 2µ5 − 3µ3 − 5µ,
q4 =(µ− γ)(2γ
2 − γµ− 1)2(2γ2 + 5γµ− 2µ2 − 1).
The resultant of the left-hand sides of (4.26) and (4.27) with respect to β is
(4.28) 1024(4γ − µ)2(2γ2 − γµ− 1)6
(
1536γ8 +
7∑
i=0
hi(µ)γ
i
)
,
where hi are polynomials in µ, which are given by
h0 = µ
4(3µ4 − 8µ2 + 6),
h1 = −2µ
2(39µ4 − 30µ2 − 26),
h2 = 4µ
2(180µ4 + 51µ2 + 40),
h3 = −8µ(380µ
4 + 127µ2 − 14),
h4 = 32(211µ
4 + 18µ2 + 1),
h5 = −32µ(286µ
2 + 19),
h6 = 192(43µ
2 − 1),
h7 = −4480µ.
If 4γ − µ = 0, then differentiating it with respect to e3, and using (4.5), (4.16)
and (4.15), we obtain
6γ3 − 9γ2µ+ 3(µ2 + 2β2 − 1)γ + (5β2 + 3)µ = 0.
Eliminating γ from this equation and 4γ − µ = 0 yields
µ(9µ2 + 208β2 + 72) = 0,
which shows that µ = γ = 0 and hence M must be a minimal ruled hypersurface.
In the same way, if 2γ2 − γµ− 1=0, then we obtain
β2(2µ4 + 15µ2 − 9) = 0,
which implies that µ is a non-zero constant because of β 6= 0. However, this contra-
dicts [6, Theorem 1.2].
If f(γ, µ) := 1536γ8+
∑
7
i=0 hi(µ)γ
i = 0, then differentiating it with respect to e3,
and using (4.5), (4.16) and (4.15), we obtain a non-trivial polynomial g(β, γ, µ) in β,
γ and µ. Elimination of β from (4.26) and g(β, γ, µ) gives a non-trivial polynomial
7h(γ, µ) in γ and µ. The resultant of f(γ, µ) and h(γ, µ) with respect to γ is given
by a non-trivial polynomial k(µ) in µ. Therefore, µ must be a constant. We do
not list g(β, γ, µ), h(γ, µ) and k(µ) explicitly; however, these polynomials can be
recovered quickly by using a computer algebra program. In particular, we can check
that k(0) = 0 holds. Therefore, by virtue of [6, Theorem 1.2] we deduce that M
must be a minimal ruled hypersurface. The proof is finished.
Remark. From [3, Proposition 4.1] and [4, Theorem 5, Proposition 7], we see that
every strongly 2-Hopf hypersurface in CP 2 can be constructed by solutions of the
underdetermined system (2.6) of ODEs in Section 2. The relation trA = 2trDA
in Theorem 2 is equivalent to α + γ = µ. Substitution of this equation into (2.6)
gives a autonomous system. Hence, contrary to the statement of Theorem 1, it
follows from Picard’s theorem that there exist infinity many δ(2)-ideal non-Hopf
real hypersurfaces with three distinct principal curvatures in CP 2. Note that on a
hypersurface described in Theorem 2, E coincides with D⊥, whose integral curves
are geodesics in the hypersurface ([3, Proposition 4.1]).
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